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Abstract: We consider Chern-Simons theory on 3-manifold M that is the total space 
of a circle bundle over a 2d base S. We show that this theory is equivalent to a new 
2d TQFT on the base, which we call Caloron BF theory, that can be obtained by an 
appropriate type of push-forward. This is a gauge theory on a bundle with structure 
group given by the full affine level k central extension of the loop group LG. The space 
of fields of this 2d theory is naturally symplectic, and this provides a new formulation of 
a result of Beasley-Witten about the equivariant localization of the Chern-Simons path 
integral. The main tool that we employ is the Caloron correspondence, originally due to 
Murray-Garland, that relates the space of gauge fields on M with a certain enlarged space 
of connections on an equivariant version of the loop space of the G-bundle. We show that 
the symplectic structure that Beasley-Witten found is related to a looped version of the 
Atiyah-Bott construction in 2-dimensional Yang-Mills theory. We also show that Wilson 
loops that wrap a single circle fiber are also described very naturally in this framework. 
This first paper focuses on the classical aspects of this correspondence. 
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Introduction 

In this paper we will be considering Chern-Simons theory with compact gauge group G 
on a three-dimensional manifold M which has the structure of a T = 5^ bundle over 
a compact base S. Beasley-Witten [1] show, in the case where the G-bundle is trivial, 
that the path integral and Wilson line expected values in this theory on such manifolds are 
exactly computable via equivariant localization techniques. Their calculations suggest that 
the theory should reduce to an entirely two-dimensional construction on the base S. We 
will re-derive their result by showing that we can reformulate Chern-Simons on M as a new 
2d topological quantum field theory on the base E, retaining all the degrees of freedom of 
the 3d theory. We call this theory the Caloron BE theory. This theory is relatively basic to 
describe, but it has hidden symmetries that are only manifest when describing it using the 
language of bundle gerbes due to Murray [2]. The theory is given as follows. Let Q —?> E 
be a Gfc bundle, where is the level k central extension of the loop group G = T ix LG. 
Let V be an adjoint scalar that is constrained to be a section of the adjoint orbit bundle 
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Q Xq^ Od, where Od is the adjoint orbit of the element d = (1, 0,0) S = tj? © Lg 0 tc, 
and let L be a connection on Q. The Caloron BF action we consider the is the basic 2d 
BF functional for these fields. 

[ {Fl,V) ( 0 . 1 ) 

where ( ,) is the non-degenerate invariant pairing on g^. Our objective is to show that the 
gauge theory with this action on Q is classically equivalent to Chern-Simons theory on M. 
Note that there is no coupling constant in this theory; the level fc € Z is fixed by the level 
of the central extension. 

Although the action of this theory is of BF type, the fundamental defining feature is 
that the adjoint scalar field is constrained to live in an adjoint orbit (defined by a quadratic 
and a linear constraint) which means that this theory behaves quite differently to a free 
field theory. For example, we will find that the classical equations of motion for Caloron 
BF theory reduce to a single equation, rather than a pair of equations which we would 
expect from usual BF theory. We will see that one of the equations becomes a consequence 
of the Bianchi identity. 

In section 1, we recall the basics of the Beasley-Witten [1] formulation of the Chern- 
Simons path integral. Importantly, they assume the triviality of the gauge bundle P —>■ 
M. Their construction intimately depends on a choice of connection n for the T bundle 
M —^ S, which allows for a decomposition of the space of G-connections on M. Under 
this decomposition, a certain reduced space of connections inherits a natural symplectic 
structure. The rigid rotation action of T on M lifts to this reduced space and together 
with the gauge group of P can be made to act in a Hamiltonian way. The square of the 
moment map for this action recovers a modified form of the Chern-Simons functional. We 
also discuss an extension of this work due to Beasley [3], where Wilson loop observables 
that wrap around a single T hber of M can also be included into this symplectic formalism. 

In section 2, we describe the origins of the 2d Caloron BF theory. We use the lan¬ 
guage of higher bundle gerbes and their holonomy functionals in order to describe certain 
TQFTs. We recall the constructions of [4], showing that the Chern-Simons amplitude can 
be interpreted as the holonomy of a certain bundle 2-gerbe. We then push forward this 
2-gerbe down to the base S, where it becomes a bundle 1-gerbe, and its holonomy dehnes 
the action of our 2d Caloron BF theory. The main tool used here is the Caloron correspon¬ 
dence, as hrst described by [5]. This constitutes a bijection for each choice of connection k 
on M —>■ S, between the space of connections on P ^ M and the space of connections and 
Higgs fields on the equivariant loop space of P, that is, the space of maps from ^ P 
that cover the action on M. 

There are also other interesting connections that Chern-Simons theory has with 2d BF 
theories, as evidenced in the work of Blau-Thompson [6], where it is shown that Chern- 
Simons theory on non-trivial circle bundles reduces to a type of abelian BF theory. In 
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this way, it is shown that Chern-Simons on such bundles reduces to another 2d TQFT, 
known as ( 7 -deformed Yang-Mills theory. This theory has recently been further investigated 
in [7], and it seems likely that there should be a relation between this g-deformed theory 
and the Caloron theory we describe in this work. Perhaps hinting at the well established 
relationships between the representation theories of the quantum group Uq{Q) and of the 
affine loop algebra Qk- 

In section 3, we explore the classical properties of the Caloron BF theory, and show how 
the critical locus of this theory is bijective with that of Chern-Simons theory. The bundle 
gerbe constructions of section 2 implicitly guarantee certain properties of the Caloron 
BF action, for example, independence of the choice of lifting data. Here we will provide 
some explicit checks of this invariance, using the same techniques as is done for regular 
Chern-Simons theory. Ultimately, we show that the Caloron correspondence preserves the 
dynamical structure of the spaces of fields. 

In section 4, we return to the motivating subject of this work, which is to show that 
the symplectic structure discovered by Beasley-Witten for Chern-Simons theory is related 
to a version the Atiyah-Bott symplectic form for the Caloron BF theory. Recall that in 
the Beasley-Witten formulation, the action of rigid global T rotations of M is lifted to 
the space of reduced connections. We find that in the caloron BF theory we must lift 
the action of local T transformations of M, i.e. gauge transformations of the T-bundle, 
to the space of reduced connections. In this way, the specific dependence on k is reduced 
to a dependence only on the gauge-equivalence class. This is the fundamental difference 
between the caloron formulation and that of Beasley-Witten. In [ 8 ], an alternative approach 
to (supersymmetric) Chern-Simons on circle bundles is presented, where the background 
connection k is also considered as a dynamical held. 
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1 The Beasley-Witten Construction 

Here we will review the constructions of Beasley-Witten [1, 3], which show that the Chern- 
Simons path integral is symplectic of ‘norm-squared’ type. A classical result of Atiyah-Bott 
[9] shows that the 2d Yang-Mills path integral can be formulated as a symplectic integral. 
That is, the space of connections on a G-bundle P over a Riemann surface S can be 
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equipped with the canonical sympelctic form 


n = j {5A,5A). (1.1) 

The group of gauge transformations of P act in a Hamiltonian way on this space, with 
moment map given by the curvature /r = Fa- Once we equip M with a volume form, the 
square of this moment map is precisely the Yang-Mills action <S'(H) = fj. | IT 4 I p. The Yang- 
Mills path integral can then be evaluated using the techniques of equivariant localization, 
which we discuss in section 3.3. By comparison, for Chern-Simons theory on a 3-manifold 
M, there is no such known symplectic structure. However, Beasley-Witten show that if we 
restrict to those manifolds that admit a (locally) free T action, then such a structure does 
exist, but not canonically. 

Let M be a three manifold that has the structure of a principal T bundle over a 
compact surface S, and let P be a trivial G bundle on M. The space of connections Ap 
on P is equivalent to the space of g-valued 1-forms on M. The Chern-Simons 3-form for a 
connection A G H^(M, g) is given by 

cs(H):=^(H,P^-l[H,H]) ( 1 . 2 ) 

This form satisfies dcs{A) = ^{Fa, Fa), and its integral over M constitutes the action of 
Chern-Simons theory. 

CSk{A) ■.= k [ cs{A) (1.3) 

Jm 

We now make a choice of a connection form k G H^(M, M) on M for the T action. This 
form allows us to project forms on M into their horizontal component using the operator 
Pk = 1 — Kip, where R is the vector field generating the T action. We denote by a = P^A 
the horizontal component of the connection A, and the space of all such components as 
Ak,. Next, we introduce a 2-form on A^ given by 

= ^ / K{6aA6a) (1-4) 

Jm 

This can easily be shown to be symplectic. The group of gauge transformations acts 
on the space of connections in the standard way. This action descends to A^. via 

g~^ag + g~^{d-nCpJg, g € (1.5) 

The infinitesimal action of the Lie algebra g^ = Lie{'i^p) is i^da = Dai '■= {d+a-d a — kCr)^. 
If we now assume that the T bundle is topologically non-trivial, then the top degree form 
K A dK \s non-vanishing, and hence defines a volume form on M. In this way, k is also 
known as a contact structure on M. 
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With this contact strucutre, the algebra possesses an invariant, non-degenerate 
inner product given by 

((6,6))=/ KAdfi:(Ci,6) (1-6) 

J M 

We extend the group of gauge transformations of P to include the rigid T action on M. 
The infinitesimal action is iu^a = uCna. These two actions combine to give an action of 
the semi-direct product & := t 00 ^ by = Da^ -j-uT/ja. This T action on the space 

of connections is only possible in the case where the G-bundle is trivial, since connections 
can be identified with g). If the bundle G is non-trivial, (e.g. this can happen when 

G = 50(3)), there is no such lift of the T action to connections. In the case where the 
bundle is non-trivial, the constructions in the later sections of the paper become essential, 
and we will find that we need to lift everything to the loop space in order to find such a T 
action. However, if we continue to assume that the bundle is trivial, we find 


= 5 ( - / K{(,Daa) + u K{Ciia/\a)] =■ ^Vaiu,^) (1.7) 

V Jm Jm / 


This map v : (5' G°°(Ak) is not a (co-)moment map however, since is it not a Poisson 

map (i.e. equivariant). There exists a cocycle 


^o((«i,6), (^2,6)) := {U 2 A 2 )]) - {v{uiAi),v{u2A2)} (1-8) 


given by 


^0(6,6 ) = ((^r6,6)) 


(1.9) 


This provides a central extension tc —?• —?• ©h The similarity with the central extension 

of the loop group was noted by the authors, which motivates a lot of the constructions 
in the later sections of this work. This algebra also exhibits an non-degenerate, invariant 
inner product 

((^^i,6,ci), (u2,6,c2)) = ((6,6)) - U 1 C 2 - U 2 C 1 (1.10) 


If one extends the action of central component of &' to trivially, i.e. LcSa = 0, then the 
surprising result is 


Theorem 1.1 (Beasley-Witten). The above action of & on {Ak,^k) is Hamiltonian with 
moment map p : Ak —^ (©')^ 


p = - 1 


KAFa — dnAa 1 
kAcIk ’ 2 


K{a,CRa) 


'M 


( 1 . 11 ) 


Furthermore, the square of this moment map is equal to the following contact Chern-Simons 
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action CS'{a,K) on A^. 


{fi,fj,) = CS'ia,K) := C5(a)-((/,/)) 


( 1 . 12 ) 


where f G Q^(M, g) is defined by fn A dn = k A Fa- 


Thus the Beasley-Witten result shows that this contact Chern-Simons functional can 
be realized as the square of a moment map. They also show that this contact Chern-Simons 
action is gauge equivalent to the regular Chern-Simons action. In the sense that, 


f [DA]exp CiCSkiA)) = f [Ha] exp (iC'S'(.(a, k)) = f exp //)-|-Ok) • (1-13) 


Using the tools of non-abelian localization, the integral can be evaluated in this form 
explicitly. 

It was observed in [3] that Wilson loop operators around a single fiber of M —)■ S also 
have a symplectic interpretation. Recall the classical definition of a Wilson loop operator. 
Let C be a loop in M, and R a representation of G. Then we define 


WniC, A) = Ti-r Pexp £ £ (1.14) 

That is, the Wilson loop WFt{C,A) computes the trace of the holonomy of the connection 
A in the representation R around the loop C. It has been known for some time that this 
operator can also be interpreted as the trace of an auxiliary quantum system attached to 
C, coupled to the background connection A, c.f. [10, 11]. Suppose R is an irreducible 
representation with highest weight a G , which is dual to G f). Let Oa C f) be the 
adjoint orbit of a'^. Then consider a Id sigma model of maps U : C ^ Oa coupled to A, 
with action 

cSaiU,A) = j> {a^,g~^dAg) (1.15) 

where U{9) = g{9)a'^g{9)~^ and dAg = dg + A\cg- It can then be shown (c.f. [3]) using 
path-integral techniques that the Wilson loop operator can be expressed as the following 
sigma model action 

Wr{C,A)= [ VUexp{\csa{U,A)) (1.16) 

JMap{C,Oc) 

It was through this expression that Beasley was able to show that this operator was com¬ 
patible with the symplectic structure; even with inclusion of this operator inside the path- 
integral it still can be expressed in the ‘normed-squared’ form. 
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2 Bundle Gerbes and The Caloron Correspondence 

We now embark on our journey to reformulate the previous results of Beasley-Witten in 
terms of a new 2d TQFT on the base of the hbration S. We consider the data of a 
(possibly non-trivial) principal G bundle p : P ^ M over a circle bundle tt : M —> S. 
The desired reformulation is achieved by pushing forward a geometric object known as the 
Chern-Simons bundle 2-gerbe along vr to get a 1-gerbe on S. This 1-gerbe will describe 
our 2d TQFT. For the reader who is uninterested in the origins of the Caloron BF theory, 
they should be able to skip ahead to section 3, where we discuss the classical properties of 
the theory using traditional techniques. 

We will begin assuming that the geometry P —)■ —)• T?‘ equivariantly embeds into 

a bulk geometry of one higher dimension P —)• —)■ as in the following diagram 

P - ^P 

p 

M -(2.1) 

TT 

B- 

where we use the notation P for both the bundle on the bulk Y and for its restriction P\m- 
The usual case is when M ^ Y is the inclusion of the boundary dY = M, however unless 
specihed we will consider an arbitrary inclusion. In general, there will be obstructions to 
finding such a bounding geometry (see 2.7), however, we use it solely to motivate certain 
constructions on B that exist even in the case when a bounding geometry does not. 

The first step toward describing the 2d theory on B is to recall how Chern-Simons 
theory on M can be expressed using the language of higher abelian gerbes. We will recall 
some of the formalism of bundle gerbes and how they capture the geometry of higher 
abelian gauge helds. Then we summarize some key results of Murray-Stevenson [12], and 
Murray-Vozzo [13], that provide a relation between the Chern-Simons bundle 2-gerbe on 
the 4d bulk T, which is a circle bundle over a base B, and the lifting bundle gerbe associated 
to the equivariant loop space over B. 

We will show that the geometry of this bundle gerbe on the 3d bulk B describes a 
2d topological gauge theory in the boundary B, that is equivalent to Chern-Simons theory 
upstairs on M. 

2.1 Gerbes and Differential Characters 

In Dijkgraaf-Witten [14] it was noticed that the Chern-Simons level k corresponds to a 
class [fe] £ H‘^{BG,'L), and that the Chern-Simons amplitude exp (27riA: C'S'(^)) provides 
a differential refinement of the class [k] in the differential cohomology of Cheeger-Simons 
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[15]. Essentially, it was noted that if the 3-manifold M bounds a bulk Y on which the 
bundle P extends, then the formula 

CS{A) = k J pi{Fa) modZ ( 2 . 2 ) 

where pi{Fa) = ^{Fa, Fa) is the de Rham representative of the 1st Pontryagin class, 
can be used as a definition of the Chern-Simons action on M even when the bundle P is 
non-trivial. 

We recall that the group of Cheeger-Simons differential characters are defined by 
H^{X) = {{h,uj)} C Hom(Z*™f (X),T) x satisfying 

h{dC) = exp27ri f uj, for all smooth cycles C G (2.3) 

Jc 

These classes provide an extension to higher degrees of the notion the holonomy h and 
curvature cj of a principal circle bundle with connection. In particular, for a circle bundle 
with connection L = {L,k) its differential character is Chr(T) := {]ioIc{k), dn) € H‘^{X). 
Now notice that if C is a curve in Y and s a trivialization of C\c- The action 

S{C,k) := loghol£(C') = 27ri [ s*k (2.4) 

JC 

is the contribution to the Lagrangian of a charged point particle moving in the background 
gauge held k. This action is independent modulo Z on the choice of section s. In an 
analogous way, Dijkgraaf-Witten showed that for a 3-manifold that bounds a 4d bulk T, 
we have 

CSfc(^) := (exp(27ri CSk{A)),kpi{FA)) G H\Y) (2.5) 

is a differential character that rehnes f*[k] G H^{Y, Z), where f '■ Y -A BG is the classifying 
map of the bundle P ^ Y. 

We will use the technology of bundle n-gerbes and their holonomy functors, as they 
provide a convenient model for cocycles in differential cohomology. We refer to the works 
[2, 4, 12] for the basic material on bundle gerbes, and we use the modern notation of [16]. 
We denote the trivial bundle n-gerbe with curving g G n[)^~^(T) as Ig. Given a bundle 
n-gerbe Q over Y, and a trivialization t : Q\-£ —Ig over an n — 1-dimensional sub manifold 
X cY, the holonomy is dehned as 


holg(X, t) := exp 27ri / g (2.6) 

Jx 

Importantly, this expression is independent of the choice of trivialization c.f. [4]. We con¬ 
sider the functor Chr : nGrb(y) —>• H^~^‘^{Y), which sends the n-gerbe Q to the differential 
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character (holg,curvg) € Effectively, this map is sending a (differential) cocycle 

to its class in (differential) cohomology, c.f [ 2 ]. 

The basic philosophy propagated in this paper is as follows; The (log) holonomy of 
certain bundle n-gerbes yield topological terms in action functionals of n + 1 dimensional 
quantum field theories. 

This philosophy was manifest in Carey et al [4] where the Dijkgraaf-Witten result was 
refined to the level of gerbes. It was shown that the Chern-Simons action on M can be 
expressed as the holonomy of a bundle 2 -gerbe. 

Theorem 2.1 ([4]). There exists a bundle 2-gerbe C§fc(A) (with connection and 2-curving 
determined by the connection A) over the fd bulkY, called the Chern-Simons 2-gerbe, such 
that 

Chr(C§fc(A)) = CSk{A) (2.7) 

The structure of this 2-gerbe intrinsically captures the interesting transformation prop¬ 
erties of the Chern-Simons action. Another such example is the topological term of the 
Wess-Zumino-Witten model, which can also be expressed as the holonomy of a bundle 
gerbe on the group manifold G that represents the fundamental class in 

2.2 The Push Forward 

Recall our geometric set up: 


P - 

p 

M -- y (2.8) 

TT 

S- 

Our objects of interest are the Chern-Simons gerbe CSfc(A) £ 2Grb(y), and its dif¬ 
ferential character CSfc(A) £ H^{Y). In order to reformulate Chern-Simons theory as 
something manifestly 2 -dimensional, we will push-forward this data along the bundle vr. 
For this purpose, we recall the definition of fiber integration in differential cohomology. 

Proposition 2.2 ([17]). Let f : M ^ N be a fiber bundle with dimension k fibers and 
[0] £ an orientation class, then there is a functorial map 

ff^ : H^{M) ^ (2.9) 


with the following defining properties: 
then 



for {h,oj) £ let {h',u') 

h'{G) = h{f-\G)) 


f*\h,oj) £ 

( 2 . 10 ) 
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forC€Zn-k{N). 


We are interested in refining this fiber integration operation to the level of n-gerbes. 
However, we only know of a local construction of this map at the level of cocycles in Deligne 
cohomology [18], which is another model for differential cochains. Nevertheless, we will find 
that we can still make a dehnition of what the push-forward of the Chern-Simons 2-gerbe 
should be. For our situation, the circle bundle tx ■. Y —>■ H is canonically oriented, and 
a connection k yields an orientation form. Thus, ideally we would like to define a map 
: 2Grb(y) ^ IGrb(H), such that the following diagram is commutative. 


2Grb(y) H'4(y) 
IGrb(H) -^^-3(5) 


( 2 . 11 ) 


However, for our purposes we only need to complete the following diagram 


CSfe(H)--CSfc(H) 

?--7fMcSfc(H) 


( 2 . 12 ) 


The object that will make this diagram commute is given by what is known as a lifting 
bundle gerbe, and its log holonomy will dehne the action functional of what should be the 
push forward of Chern-Simons theory on M. 


2.3 Lifting Bundle Gerbes 

Given a principal iF-bundle vr : P —)• H and a central extension of the structure group 
T —PT —>■ iF, there is an associated lifting bundle gerbe, denoted Lp. For a full definition 
see [2], we also give a review of this material in the appendix. This gerbe is a geometric 
representation of the obstruction to lifting the structure group of P to K, which lies in 
A lift P ^ P gives a topological trivialization of the gerbe. The most familiar 
example is that of lifting the structure group oiTX X from SO{n) to Spinj-(n), whose 
obstruction is W^{X) G H^{X,'L). The associated Spin^ bundle gerbe was considered in 
[19]. 

The following construction is due to Brylinski [20] in the setting of Deligne cohomology, 
and then in the case of loop groups by Gomi [21], and further extended by Vozzo [22]. Given 
a connection A for P, and a bundle splitting s : P Xk ^ —>■ P Xk i (i.e. a map that is 
identity on the central factor), we can put a connective structure on Lp, which we denote 
Lp (A, s). 
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Proposition 2.3 (Brylinski, Gomi, Vozzo). Let p ■. P ^ P be a lift to a K bundle, and A 
be a lift of the connection A. This data provides a trivialization 

^ (2-13) 

where g G is defined by {po-k)*q = s{F^). 

Given a trivialization as above, we can easily compute the holonomy of the lifting 
gerbe. 

Lemma 2.4 (Gomi, Murray). The holonomy of the lifting bundle gerbe over a surface T, 
with a chosen lift {P, A) is given by 

liolLX(^^^)(S,P,i) = exp27ri / s{F^). (2.14) 

This holonomy is independent of the choice of lifting data {P, A). 

This independence of the choice of lifting data will be crucial for our later discussion 
of the 2d reformulation of Ghern-Simons theory. 

2.4 The Lifting Bnndle Gerbe of the Equivariant Loop Space 

We want to construct a gerbe on the 3d bulk B out of the data P ^ Y B. We do this 
by considering an equivariant version of the loop space LP, as was originally considered 
by Bergman-Varadarajan [23] for describing Kaluza-Klein reductions. 

Definition 2.5. The equivariant loop space Qp Cl LP is the set of maps f :T ^ P, such 
that p o / : T —>■ M is equivariant with respect to the T action on Y. 

Now Qp possesses a G = T x LG action given by 

f{4>, l){^) ■= {P-cj>Ul)){^) = /(^ + 4>)l{d + 0)- (2.15) 

It can be easily shown that action is free, and thus Qp G Bung(B). Thus on this larger 
bundle, both the G action and T actions are unified as an action of G. Furthermore, the 
evaluation map E at 0 € T provides a map Qp —> P. This map is invariant under the 
action of the based loops LlG C G on Qp, and thus LIP ^ Qp —P is a principal bundle. 
Since the subgroup of constant loops G C LG is contained in the normalizer of LIG, i.e. 
G C Nqg{LG), the action of G on Qp descends to the action of G on P. All of these 
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structures fit into following commuting diagram 


Q X G 


Q 


Q X (T X G)-^ P 

G P 

QxT -^ M 

T 

Q -^ 


(2.16) 


Here, the new vertical map is e : G —>■ T x G, e( 0 , 7 ) = ( 0 , 7 ( 0 )). The horizontal 
maps are given by the associated bundle construction. In order, they are {q, 7 ) (77 G Q, 

{q,G,g) ^ q{9)g G P, {q,9) {poq){9) G M, g 1-^ (vr op o g) G S. 

Proposition 2.6 (Bergman-Varadarajan). There is an equivalence between the category 
of G-bundles Q over S, and the category of G-bundles P over circle bundles M over S. 

The following corollary is an analogue of the obstruction computed by Dijkgraaf-Witten 
[14] in the case of Ending an extension of the G-bundle over M to some bounding 4-manifold 

F. 

Corollary 2.7. The obstruction to finding a bounding geometry P B, is the same 

as the obstruction of finding a bounding G-bundle over B. 

For an alternate perspective, Qp can equivalently be described fiber-wise with fiber 
above a point b G B given by the data {t, s), where t is a choice of equivariant identification 
t : Mf, —>■ S^, and s is a section s : Mf, The action of G is then given by 

(G s){4>, 7 ) = (p^4, s (7 o t)) (2.17) 


then we check 


((t,s)(((>i,7i))(02,72) = ip^^p4>lt,s{-fiot){j2 0 p^h)) (2.18) 

= (t,s)((/>i-h (/>2,7ip</,i72) (2.19) 

From this perspective, we can see that equivariant loop space resembles a push-forward 
construction. 

2.5 Connective Structnres 

Here we will show that a we can extend the above correspondence to include connective 
structures, i.e. connections. On the 3d side, as in the Beasley-Witten construction, we 
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have a connection A on P ^ M, and a connection k on M —>• S. On the loop space side 
we want to consider G-connections on Q, which we denote L = (A, A) G Q^(Q,t(B Lq), as 
well as a scalar field, known as a Higgs field. 

Definition 2.8 ([13]). Let Q be a G-bundle over B. A Higgs Field for Q is a section 
V of the adjoint orbit bundle Q Od, where Od is the q adjoint orbit of the element 
d = (1,0) € g, 

We denote the space of Higgs fields on Q by T-Lq. We should think of a connection 
L as belonging to the horizontal directions of the geometry over S, and the Higgs field 
F is a family of connections on the hbers F = G x . We also have several equivalent 
characterizations of Higgs helds, given in [24], which we will occasionally use. Firstly, if we 
write F = F$ := ( 1 , —< 1 >) in components, then satisfies 4 >(g( 7 , i;i))) = p^^(Ad..^-i<l>(( 7 ) + 
7 “^( 97 ). Thus, importantly, we can see that the space of Higgs fields is an affine space 
modeled on sections of the adjoint bundle Q XAd Lq d Q XAd g- Furthermore, for q G Q, 
the map q d — ^{q)d9 defines a G-equivariant family (over Q) of connections on the 
trivial G bundle over the circle, where we identify G C Aut x G). It is in this way we 
see that a Higgs field really is a family of connections on the fibers oi Qp. Lastly, for a 
Higgs field F consider the map /!(•, F) G r(Q XAd Split(Lg ^ g)), where /3 is given by 

/3:gxg^g, fl((t, X), (s, V)) = (0, sX - tV). (2.20) 

It is easy to check that this map is G equivariant. To show that this induces a spitting, we 
check / 3 (( 0 ,r 7 ),(l,- 4 >)) = 7 . 

2.6 The Caloron Correspondence 

We can now state the relationship between connections on P and connections on the 
equivariant loop space. This correspondence was first used by Garland-Murray [5] where 
they constructed an equivalence between periodic G-instantons on x and monopoles 
on for the based loop group fiG. 

Proposition 2.9 (Caloron Correspondence, [13]). There is a bijection between the set of 
pairs of connections {k, A) G Am x Ap on P ^ M ^ T,, and the set of pairs of connections 
and Higgs fields (L, F) G Aq x TLq on Qp ^ T,. 

This expresses the idea that to build a connection on P from data on Q, we need a 
connection for Q, as well as a family over Q of connections on the fibers. 

Let us briefly recall the construction in [13]. Let j : P —>• M be the G-bundle, and 
TT : M —)■ S be the circle bundle, with generating vector field R. Let 7 : T —)■ P be an 
equivariant loop. With our conventions, the T component of G acts on Qp inducing a 
rotation vector field R, this induces rotation on M. So if we let 7 = j o g ; T —)• M, we 
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have = R. Begin with choice of G-connection A G on P, and let g G Qp 

be an equivariant loop in P. Define A G Q,^{Qp,Lg), by (A)q(^) = {q*A){^), where 
q*A G T{T,q*{T*P)0g), and ^ G T^Qp = T{T,q*{TP)), thus G rO(T,g) = Lg, 

i.e. (^)q(^)e = ylq(e)(^e). From the equivariance of A, can easily see that r*A = Ad^-i^. 
Furthermore, under rotations we have r^(A)g(^)e = {q*A){{r^):t,^)g = This 

can equivalently be expressed as PpA = dA. Thus we conclude that 

^* 0 , 7 )"^ ^ ‘'( 0 , 0 ^^^ ( 2 - 21 ) 

We call such an object a looped connection. 

Now, given a T-connection k G D^(M,t), define k G D^((5p,t) by hq = q*n, so that 
= ipK = 1. Now, consider the projection operator = 1 ~ Dehne 

L = (A,A) := gDHQp,0), F := (1, G D°(Qp, g) (2.22) 

Lemma 2.10 ([13]). The pair {L,V) is a G connection and a Higgs field on Qp. Specifi¬ 
cally, this connection is the one obtained by splitting tangent spaces to Qp point-wise using 
the data {A,k). 

To build a connection A out of the data on the caloron side, we invert the above 
construction. Given {L,V) as before, we define 

(0,i) :=I3{L,V) = (0,A + A$) GDnQp,g). (2.23) 

By the equivariance of fi, we see that A is a looped connection, and corresponds uniquely 
to a connection A on P. It is also easy to see that the component A G D^((5, t), is basic for 
the LG action on Q, and thus descends to a form k G D^(M, t), which is a connection for 
the T action on M. 

Lemma 2.11 ([13]). These constructions are mutually inverse (up to equivalence). 

We denote this correspondence by 

Cal; Am ^ Ap —> Aq x TLq, {k, A) i—>■ [L, F). (2.24) 

We called the looped connection form A = j3{L,V) the Caloron connection. Our goal 
in the rest of this paper will be to use this correspondence to translate the geometry of 
the Chern-Simons 2-gerbe on the left hand side, to the geometry of the loop-space Lifting 
bundle gerbe on the right hand side. 

2.7 The Push-Forward 

We can now return to understanding how the geometry of the lifting bundle gerbe for 
Q —>• S, is related to the Chern-Simons bundle 2-gerbe for P —)■ F. Recall that we equip 
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the equivariant loop space ttq : Qp ^ B, with a connection L and Higgs field V = (1, —<h). 
We then define V = (1, — <h))), which is a section of the bundle Q Xg g^, where 
Qk is the level k central extension. We can see that V is valued in the adjoint orbit of 
the element (1,0,0) G gfc = t/j © Lg © ic. We can use this element to construct a bundle 
splitting for Q dehned by sy(X) := {X,V). That is 

sy . Q g/j y Q x^^j tc = H x (2.25) 

is identity on the central factor. 

Recall the lifting bundle gerbe Lg* (L, V), for the level k central extension T —>■ —>■ G, 
can be equipped with the Brylinski-Gomi connective structure (described in the appendix), 
using the data of a connection L and a bundle splitting sy. For simplicity, we denote this 
gerbe with connection and curving by Lfc(L, R). 

The following important result is due to Murray-Stevenson-Vozzo [12, 13], and was the 
motivation for much of this work. 

Proposition 2.12 ([12, 13]). Under the caloron correspondence, let {L,V) = Cal(A, k). 
Then the eurvature of the lifting bundle gerbe Lfc(L, R) computes the push-forward of the 
curvature of the Chern-Simons gerbe CSfc(^), i.e. 

7ri^^curv(CSfc(A)) = curv(Lfc(Cal(«;, A)) € (2.26) 

Explicitly, Murray-Stevenson-Vozzo show that the curvature of the lifting bundle gerbe 
(when lifted to a basic form on Q) is given by 

msv(L, R) := 2((Fa + dX^, V G i)G-bas^c (2-27) 


and that 


7r*Q [ {FA,FA)=msY{L,V) 
JyIb 


(2.28) 


With this we arrive at the main result of this section, which was somewhat implicit in 
the work of Murray-Vozzo, which provides us with the correct definition of the push-forward 
of the CS 2-gerbe. 


Proposition 2.13. If we define ■= lbfc(Cal(K, ^)), then the following holds in 

H^{B) 

7rl''^Chr(CSfc(^)) = Chr(7f^CSfc(^)) (2.29) 
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I.e. the following diagram commutes 


C§k{A) - 

K ttM 

Lfc(Cal(K, A)) Lfc(Cal(K, A)) 


(2.30) 


Proof. Here we only prove a simplified version of this statement, in the case where X 
is a boundary. The statement above amounts to showing two things: Firstly, that the 
curvatures of the two gerbes agree, curv(7f^CSfc(^)) = 7r*curv(C§fc(^)), which is the re¬ 
sult of Murray-Vozzo. Secondly, we need to show that the holonomy functors agree, i.e. 
holc§;,(A)(7r"n-’^)) = holLj^(Cai(K,A))(-’^)- If X is a boundary in B, i.e. X = dZ, then we 
have d{7r~^{Z)) = 7r“^(X), so 


IiolLj^(CaiKA))(5^) =exp27ri / msv(Cal(«:, ^)) 

Jz 

= exp27ri [ {Fa, Fa) 

J 7r~^[Z) 

= holc§^(A)(7r“^(X)) 


(2.31) 

(2.32) 

(2.33) 


The case where X is not a boundary is can also be shown using more direct techniques, 
but is it somewhat cumbersome and will not be needed in this work. □ 

A direct consequence of the holonomy formula for the lifting bundle gerbe 2.4 is 

Corollary 2.14. The holonomy of the gerbe is given by 


IiolLi,(L,y)(5I,Q,a) = exp27ri/j.(F^,H> (2.34) 

Since this this holonomy is independent of the choice of lift Q, we see that the functional 
fj.(Fj^,V) is also independent of this choice modulo Z. We can also verify directly that 
as expected we have d{F^, V) = msv(L, V) G Q^{Q), which is the analogue of the familiar 
relation dcs{A) = pi{A) G n"^(P). 

3 The 2d Reformulation of Chern-Simons 

Upon looking at equation 2.34, we immediately realize that the holonomy of the loop space 
lifting bundle gerbe is the Feynman amplitude for a BF type theory on the G^-bundle Q. 
Recall as usual that Q is a particular lift of the G-bundle Q. We call the field theory with 
this action the Caloron BF theory. The action is 


SCg(L,U) :=UF^,V}, 


(3.1) 
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where the fields are a gauge field L, and an adjoint valued scalar field V which is constrained 
to lie in the adjoint orbit of the element ( 1 , 0 , 0 ) € Qk- As we noted before, we usually write 
V = = (1, —<1>, ‘h)))- This constraint for an adjoint scalar held is equally described 

by the equations 

{V,V)=0, {V,c) = -1, (3.2) 

where c = (0,0,1) is the generator of the central extension. The fact that the adjoint scalar 
is constrained is a fundamental deviation from the usual BF theories, and is the cause for 
the unique behavior of Caloron BF theory. We now arrive at the heart of our argument. 
When we implement hber integration at the level of gerbes, we are pushing Chern-Simons 
forward as a TQFT. We have shown that this push-forward is equivalent to Chern-Simons 
theory on M using the technology of gerbes. However, in this section we will do some 
explicit checks of this equivalence. In particular, we will look at the classical equations of 
motion, and the classical symmetries of the 2 d theory and show that they parallel those of 
the 3d theory. 

3.1 Classical Analysis 

Recall that the critical points 3d Chern-Simons action CS(A) on P ^ M are given by flat 
connections A on P, i.e. Fa = 0. 

Lemma 3.1. The critical points of the Caloron BF action are given by solutions of the 
following equation in ll^(S,AdQ 0 ) 

Fl = dX V, (3.3) 

where L = (A, A) is the connection on Q. 

Proof. We compute 

6S^Xl,V^) = ^ {{SFl,V^) + {F^,5V^)) 

= 14) + {Fl, (0, k{{6^, ch))))) 

{hi, di%) + k{{5^, F + (iA^>))) 

First of all, the variation in $ demands j3{Fi, 14) \= F + dX^ = 0. This can be expressed 
as 

Fl = {dX, -dA$) = VdX, (3.7) 

so all we have to show is that the variation in L imposes no new equations. Using 3.7, 
the Bianchi identity for L gives 0 = ^^14 =: (0, V<1>). Now, we have {diV^,V^) = 
^d(i4,14) = 0, and so diV^ = (0, V$, /c((<I>, V <!>))) and hence diV = 0 dfV = 0. Thus 
the variation in L imposes no new equations. □ 



(3.4) 

(3.5) 

(3.6) 
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Several observations are in order. First, notice that the critical locus Crit(S'^®'*) only 
depends on the fields L,V on Q not on their lifts L,V to Q. Second, we see that by 
virtue of the Bianchi identity for Fl, we see that the equation diV = 0 is automatically 
satisfied for a classical solution, i.e, V is covariantly constant. Thus, following the approach 
of [9], we think of V as a covariantly constant equivariant map P —)• 0 , and consider 
Qv = V~^{d) C Q where d = (1,0) G g, which is a reduction of Q to a bundle with 
structure group given by the centralizer Z^. This centralizer is given by T x G. We 
see that L reduces to a connection on Qv which we denote i = {k,A), with curvature 
given by the equation of motion = {dK,0). We see that we recover precisely the data 
of a flat connection T on a trivial G-bundle, as expected from Chern-Simons theory. We 
will explore this relation more closely throughout this section. Lastly we note that since 
V was constrained to live in a particular adjoint orbit we found that the critical locus of 
this functional is described by a single differential equation for the fields L, V, in stark 
contrast to the two equations we would find is this was an unconstrained BF theory for a 
connection and an adjoint scalar. One of the two equations becomes a consequence of the 
Bianchi identity. 

Recall the definition of the looped connection in the caloron correspondence: A := 
I3{L,V), and we have Ag = q*A for a unique connection A on P. Thus we have (^ 4)5 = 
q*FA- To compare the two critical loci, we need an expression for the curvature of this 
looped connection in terms of the data on Q. 

Lemma 3.2. 

F^ = (3{FL,V)-(3{L,dLV) (3.8) 

Proof. We want to evaluate 

F^ = dA+l[A,A] (3.9) 

Observe that the equivariance of /3, gives [X, /3(y, Z)] = /3([X, T], Z) + /3(y, [X, Z]), which 
yields 

[/3(X,y),/3(W,Z)] = - m[W,X],Y),Z) - mx,[W,Y]),Z) (3.10) 

+ /3(/3([Z, X], y), W) + /3(/3(X, [Z, y]), W) (3.11) 

So we compute 

[A,A] = [(3{L,V),I3{L,V)] (3.12) 

= m[L, L],V), V) - /3(/3(L, [L, F]), F) (3.13) 

+ /3(/3([F, L],V),£) + /3(/3(L, [F, V]),L) (3.14) 

=/3([L,L],F)-2/3(L,[L,F]) (3.15) 
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Thus we have 


= dp{L, V) + i/3([L, L],V)- /3(L, [L, y]) 
= l3{dL + ^[L,L],V) - P{L,dV + [L,V]) 


(3.16) 

(3.17) 


□ 

We note a proof of this relation appears in some lengthy detail in [22]. Now we can 
finally express the full classical equivalence of Chern-Simons on M, and Caloron BF on E. 

Proposition 3.3. The caloron correspondence, which is a bijection between connections 
on P ^ M ^ T, and connections and Higgs fields on Q ^ T,, induces a bijection between 
the spaces of classical solutions for the functionals and 

Proof. Recall, that under the caloron correspondence, the lift of the G-connection is defined 
by q*A = A ■.= I3{L, V) = L — XV. We can easily see that q*FA = ~ ^L-xv = Hl — 

dXV+Xd^V = 0. Now, pick a pair of critical data (L, V) on Q, i.e. satisfying I3{Fl, V) = 0, 
and hence also diV = 0. Then consider the corresponding looped connection A, defined 
as usual hy A = I3{L,V). By comparing with formula 3.8, F^ = I3{Fl,V) — l3{L,dLV), 
we find that F^ = 0, which implies Fa = 0. On the other hand starting with a flat 
connection A on P, the corresponding looped connection satishes F^ = 0, which we see 
forces /3{Fl,V) — j3{L,dLV) = 0. Now of the two components in this expression, only the 
first is horizontal, and f3{L,dLV) = AV$ is purely vertical. Thus each of f3{FL,V) and 
fi{L,dLV) must independently be zero. □ 

Note that the Chern-Simons functional does not involve the choice of connection k, 
however the Caloron BF functional does. 

3.2 Symmetries of the Classical Action 

Recall that the Caloron BF action S^^^{L,V) = f^{Fj^,V) was defined in terms of a par¬ 
ticular chosen lift Q of the equivariant loop space Q of the G-bundle P ^ M. This action 
is manifestly invariant under the gauge group since both of F^ and V are adjoint 
valued fields. We will refer to this as the group of ‘small’ gauge transformations. It is anal¬ 
ogous to the situation in Chern-Simons theory, where the group of gauge transformations 
that are in the connected component of the identity are ‘small’, and the classical action 
is invariant under them. However, we will show that the caloron theory also has a larger 
symmetry group given by the gauge transformations of the G-bundle Q, i.e. including 
those which do not have a lift to an automorphism of Q. We will see that these ‘large’ 
gauge transformations act to change the choice of lift Q, and will demonstrate that the 
underlying theory was truly independent of this choice. 
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Note that for any particular lift Q, there is a non-surjective group homomorphism 
ig : given by forgetting the action on the lift. The kernel of this homomorphism 

is the gauge transformations of Q that fix Q, which are given by smooth maps from the 
space of G orbits in Q to Tc, i.e. Map(S,Tc). Consider the central extension ^ G as a 
G-equivariant line bundle over G, where G acts on itself via conjugation. The equivariant 
Chern class c^(G) lies in the equivariant cohomology ff|(G,Z). Thus for a large gauge 
transformation ijj, represented by an equivariant map g^p : Q ^ G, we have g^Ci{G) € 

This set of maps fit into an exact sequence 

1 ^ Map(S,Tc) ^(3.18) 

We hnd that the group of large gauge transformations acts on the set of lifts of Q, 
which is a torsor for the Picard group of S. 

Lemma 3.4. Under a gauge transformation ip G f^g, we have 

if* ■. Q Q ® g*p,G (3.19) 

as line bundles over Q. Furthermore, a lift if of ip gives a seetion of g^G. 

Proof. Since, Q is a G bundle, it is clear that HomT((3g, Q^(q)) = Gg^^^y This gives ® 
'ij;*Q = gppG. A lift V’ gives isomorphisms ipq : Qq ^ Qtp{q), i-e. a section of (8) 'ip*Q. □ 

Now we explicitly demonstrate that 5^modulo Z is independent of the choice of lift, 
thus invariant under In fact, the quantum symmetry group is larger: we can tensor 
our lift by any line bundle with connection on S, and this will leave our action invariant. 
The rest of this section will be devoted to proving the following. 

Proposition 3.5. The function 

S^^\L, V) := 5Cg(Z, V) modZ (3.20) 

is independent of the particular choice of lifting data {Q,a), and depends only on the ^0- 
equivalence class of (L, V) and the level k of the lift. 

Choose a lift Q,L, and let {V, fd) be a line bundle with connection on S. We pull up 
V to Q, where it becomes a G invariant line bundle with connection. The tensor product 
Q becomes a new lift of Q, and a{8)l + l(8/3isa connection on this lift, which gives 
a different lift L' of the connection L. Thns the space of lifts (Q,a) is a torsor for Pic(S). 
The curvature of this new connection is Fy + (i/3. So we see 

Tg^^(Z', P) = JjFl + dp, V) = Tg(Z, V) + IjP (3.21) 
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since sv"(') = {-^V) is a bundle splitting splitting. Since dj3 was the curvature of a line 
bundle, we have (i/3 € Z. 

Now we note that the action of a (large) gauge transformation of Q on a particular 
lift Q, can be decomposed as a twist of the lift by a line bundle on S, composed with a 
(small) gauge transformation of the twisted lift. If we perform a large gauge transform, 
tp, then we have 'ip*Q = Q 0 g^G, by lemma 3.4. Then tensor by a line bundle V on S, 
with first Chern that cancels the class given by g^G. Then there exists an isomorphism of 
equivariant line bundles V (8) ip*Q — Q- Thus we have proven proposition 3.5. 

Note that this is precisely analogous to the situation in 3d Chern-Simons theory on 
bundles P that are trivializable. If we choose a section s of P, then we can define the 
Chern-Simons action using this section. If we pick a different section s', then the two 
sections are related by a large gauge transformation. In this way, we see that the set 
of large gauge transformations acts transitively on the set of sections modulo small gauge 
transformations. Thus the fact that Chern-Simons action for different trivializations differs 
by an integer is reflected in the fact that the Caloron BF action for different lifts of Q differs 
by an integer. Reinforcing the fact that lifts of Q are trivializations in the bundle gerbe 
sense (see appendix). 

To summarize, in order to write a classical action for the theory, we need to choose 
a lift, but all such choices are related by symmetry. Thus is the group of symmetries 
of the theory, where we consider all possible lifts simultaneously. Only those gauge trans¬ 
formations the possess lifts are redundancies of the system, the rest become symmetries of 
the quantum theory. 

3.3 The Hamiltonian Structure 

Beasley-Witten show that the (reduced) space of connections in Chern-Simons theory on 
M —> S has a symplectic structure. Here we introduce the analogue of this symplectic 
form on the Caloron side. The space of connections Aq on Q is naturally symplectic, as 
described by the Atiyah-Bott [9] construction. The symplectic form is 

n = ^ [ {5LA6L) (3.22) 

Jt. 

The gauge group of Q, has a Hamiltonian action on this space with moment map 
//^(L) = Fi € (5 'q. As usual, the Lie algebra ©g can be equipped with a non-degenerate 
invariant inner product if we choose a volume form k on S. However the moment map 
■ Aq -a <5^ is independent of this choice. 

Secondly, we consider the space T-Lq of Higgs helds. This space is given by the space of 
sections of an adjoint orbit bundle and (co)adjoint orbits O are naturally symplectic with 
the Kostant-Souriau symplectic form Glo- However this symplectic form is only fiber-wise 
symplectic on "Hq. However, using the same choice of volume form i/ on S we can define 
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a symplectic form 

9.h = j (3.23) 

The (dual) moment map for this action : TIq —> 0g is given by inclusion into the Lie 
algebra, and is independent of the choice of volume form. 

We have constructed two Hamiltonian l^g-spaces, the space of connections Aq, and 
the space of Higgs fields We now notice that the Caloron BF action can be expressed 
as the canonical pairing of these two moment maps 

[ = (3.24) 

Jt. 

Here we will give a brief discussion about how the path integral of this theory can be 
evaluated using the techniques of non-abelian localization (i.e. norm-squared localization), 
and we will discuss the details in [25]. Fundamentally, the calculations will be the analogous 
as those done in Beasley-Witten [1]. However, one major subtlety that we ignore for now 
is that the path integral should only be integrating over all connections on Q, not over the 
space of their lifts to Q. 

In the foundational paper of Witten [26] , a certain class of integrals over symplectic 
manifolds are shown to be calculable using localization techniques. Given a Hamiltonian 
manifold one is interested in evaluating the following integral 

Zxie) = [ (3.25) 

Jx 

where T = is the Liouville volume form, and the norm is given by the non-degenerate in¬ 
variant pairing on g*. By un-completing the square, this integral is written in the following 
way 

^x(e) = G / = Cg / [d^\e~f (3.26) 

Jxxg* Jg* Jx 

where [d^] is the invariant measure on g*. In this expression, we see the appearance of the 
Duistermaat-Heckman measure DHx € P'(g*)^, given by 


DHxiO -■= [ (3.27) 

Jx 

which is a G-invariant distribution on g*. If we let /e(^) = be the G-invariant 

gaussian function on g* with unit integral, then we see that 


Zx{e) = (/.,DHx)g* 


(3.28) 


where the brackets now denotes the pairing between distributions and test functions on g*. 
Once the integral has been recast in this form, localization techniques can then be used to 
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get an explicit form of the DH measure. Often in cases where X is infinite dimensional, 
DHjf cannot be defined explicitly, but instead a suitable replacement of its localization 
can be used to give meaning to Zx (c.f. [27]). This is precisely what was done in [26], 
where the path integral for 2d Yang-Mills was computed by deforming the calculation of 
the measure DH_ 4 p using a technique known as norm-squared localization. 

However, the integral we are interested in evaluating is of a slightly different form, 
nevertheless the same techniques allow for it to be localized. Suppose we are given two 
Hamiltonian G-manifolds {X,ujx , fJ-x), {Y, ujy , fJ-v) , and we want to evaluate the following 
integral 

Zx,Y = [ (3.29) 

JxxY 

where we have written py as the dual of the moment map of Y, so that the pairing {fix, 
is the canonical one. We use the identity 


to find 


where 







= [ [dr/de]e-'(^’^)DHx(r?)DH^(0 

Js*xs 


G V'igf 


(3.30) 


(3.31) 


(3.32) 


is the dual DH measure. Thus we see that a more explicit form of Zx,y can be determined 
if one knows both the DH measures of X and Y. Importantly, if it is the case that either 
of these DH measures can be evaluated explicitly using localization techniques, the whole 
integral should reduce. In the case where X, Y are inhnite dimensional, we use the same 
techniques to define the measures and hence give meaning to Z. In this way, we can view 
the calculations in Beasley-Witten as a computation of the localization formula for the 
measure DH_ 4 ^, which allows for explicit evaluation of this path integral. We discuss this 
further in [25]. 


4 The Beasley-Witten Construction Revisited 

In this section, we will use the constructions of the caloron correspondence to shed new 
light of the results of Beasley-Witten outlined in section 1. Our initial goal will be to 
construct a dictionary relating the key components of the caloron data with elements of 
the Bealsey-Witten construction. We again assume P is trivialized by a section s, so that 
P = M X G, however the bundle M ^ S may be non-trivial. We will find that in this 
situation, the constructions of the caloron correspondence have ‘unlooped’ avatars in the 
3 dimensional world, which do not require the introduction of the equivariant loop space. 
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Given a connection form k G for the circle bundle vr : M —>■ S, the projection 

operator — kA {lro.) decomposes the space of connections Ap = in 

the following way: 

Ap = JkAp (B lrAp, a {a,(j)) := {A — klrA, lrA) (4.1) 

As before, we denote A^ ■= J^Ap. Note that we do not have such a decomposition when 
the bundle P is non-trivial. 

Beasley-Witten consider the action of the semi direct product of two symmetry groups 
on the space A^. Namely, the action of rigid T transformations of M combined with gauge 
transformations of P, i.e. & = t© 0 ^. Here we will now enlarge this by considering local T 
transformations, i.e. gauge transformations of M —>■ S. Under such a local transformation, 
the connection k is no longer invariant, as it transforms as a gauge field. So we are forced 
to consider the collection A = This space is a bundle over Am, topologized as 

a sub-bundle of the trivial bundle Am x Ap. Consider now the larger symmetry algebra 
6 = &M © ©p = © 0 ^ with bracket 

[(2^1,6); (3^2,6)] = (0, [Ci>6] - + ^X2R^i)- (4.2) 

We see that & C & via the inclusion of constant maps t C t^. As before (c.f. 1.5), we can 
check that the space of pairs (k, a) a A carries a representation of this larger algebra 

= DaC + CxRCl, = dx (4.3) 

If we define the ‘connection’ form i = (k, a) G t© 0 ), then the above transformations 

can be expressed as 


6 + [(; (x, 0] (4.4) 

= Mx,c) ( 4 . 5 ) 

Furthermore lrI = (i2,0), where R is the generator of the global t action on M. Thus we 
call this the gauge representation of ©, and we call ^ a c-connection. This will be the BW 
analogue of our caloron connection L = (A, A) G Aq. 

The other half of the decomposition 4.1 is given as the space of functions (f) = i^rA G 
for A G Ap. Under a gauge transformation of P we have (p i—>■ Adg-i(p + g~^CRg. Infinites¬ 
imally this is L^5(p = —[^,0] + Cr^. On the other hand, under a circle diffeomorphism 
of M, we find LxScp = Cxr4>- We can simply express the two transformations above by 
introducing the element V(p = (1, —p) G 0. With this definition, we can easily see that the 
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representation of the algebra © on this field is the adjoint 


We also call such an element a h-field, as it the BW version of our Higgs fields. 
Thus we have established a few entries of our desired dictionary 


Beasley-Witten data 

Caloron data 

gauge field 

AeAp 

(0,i) 

Looped connection 

contact form 

AC G 

(ic,0) 


c-connection 

{k, a) £ a 

(A, A) e Aq 

gauge field on Q 

h-field 

(1,-0) 

(1,-<I.) 

Higgs field 


At this point, we attempt to mimic the construction of the Symplectic form on that 
was used by Beasley-Witten. To this end, we ask if we can find a symplectic form on the 
total space A for which the action 4.3 (or perhaps a central extension of it) is Hamiltonian. 
To answer this, we again seek motivation from the caloron correspondence. 

4.1 The Central Extension 

In section 3.3, it was shown that there is a natural symplectic form on the space of connec¬ 
tions on the lifted bundle Q. To mimic this construction in the BW framework, we look 
for a covering A ^ A that is the shadow of the cover Aq —> Aq. First, we construct the 
analogue of the central extension of the gauge group i.e. a central extension of 

©. Let K : C°°{M) = C'°°(S) be the T-averaging operator 

{Kv){x) = ^ J {rev){x)de (4.8) 

Futhermore, introduce the t^-valued pairing on g^, {{^A')) •= 

Lemma 4.1. The map 7 : g^ x g^ —> given by 7(^1,C2) = is a 2-cocycle 

on © with values in and thus defines a central extension 

0^t^^©^©^0 (4.9) 

Proof. It is easily checked that 7([^i, 6], 6)+c2/c;fc = 0. Also, 7([xi, 6], 6) = 7(^xifl6,6) 
= -7(6 ,^xir 6) = -7(6, [a:i,6]), since [CxiR,Cr\ = 0. More simply, this follows from 
the fact that Cn is a derivation. □ 

In a completely analogous proof as in the case of loop groups [28], we find that the 

following t^-valued pairing on © 

{{xiAuVi), (3^2,6,1/2)) = ((6,6)) - xm - X 2 yi (4.10) 
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is invariant and non-degenerate. 

Now we have constructed our central extension, we move on to finding a gauge the¬ 
oretic representation that extends the representation (4.3). Recall that in the caloron 
correspondence, we lifted the connection L = (A, A) to a connection L = (A, A, a) on Q. 
So we accordingly extend £ € Al to a form i = {k, a, b) G tj? © 0 © tc), where 6 is a 

T/j-basic form, with the following infinitesimal action of © 

= di{x,i,y) (4.11) 

= d{x,i,y)+ (4.12) 

We call such an a c-connection, and denote the space of all such objects A. Looking at 
the representation above, we see that the action on the h component is 

Hx,^,y)db = dy+ {{a, Cr^)) € 11^ (S, t) (4.13) 

We see that b looks like a T gauge field on S for the vector fields t^, however it transforms 
non-trivially under a G-gauge transformation of P. 

We can easily see that ^ is a trivial n^(S,t) bundle over A, and from the definition 
4.11 we see that the above action of © on is a representation. In the caloron construction, 
we found that the space of connections L on Q —)• S came equipped with the canonical 
Atiyah-Bott (c.f. [9]) symplectic form 

n = ^j{6L,6L) (4.14) 

This suggests to us that the space A of c-connections should be equipped with a symplectic 
form 

^A = \ ! (diAS£} = [ (|((5aA5a)) - 6KA5b) . (4.15) 

J'E JE 

This leads to 

Proposition 4.2. The form 11^ is a ^-invariant symplectic form on A. Furthermore, the 
action is Hamiltonian with moment map 

= Fi := di + \ \i,£\ = {dK,Fa - KJZRa,db+ 4((a, £/ja))) (4.16) 

We see that F^ € t © 0 © t)horiz- 

Proof. This follows directly from the formula 4.11, and the ad-invariance of the pairing. □ 

So we can see that y can be thought of as the curvature of the c-connection i, in 
exactly the same way that the moment map in the caloron picture is the curvature. We 
can already begin to see the similarity between this moment map and the moment map of 
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Beasley-Witten (eq 1.11). In the way that we extended the space of c-connections, we also 
define ^-fields as the elements of the G^-adjoint orbit of (1,0,0) € ©. These are of the 
form 

= (!,-</>, <()))) e 6 (4.17) 

and are clearly in bijective correspondence with regular /i-fields. This allows us to extend 
the dictionary 


Beasley-Witten data 

Caloron data 

c-connection 

1 = (k, a, 6 ) £ A 

L = (A, A, a) € Aq gauge field on Q 

h-field 

(1,-'^: \{{4',4>))) 

(1) -4>, ^((4>, $))) Higgs field 

symplectic form 


^Aq symplectic form 

moment map 

Fi 

F^ moment map 


We found that in the caloron picture, the action functional was given by the 2d BF form 
S = {Fj^,v). Here we explicitly compute 

(F|, v^) = -{{Fa - kCru, (f))) - \dK{{(l), 4))) - i((a, Cro)) - db e 0^(M, i)basic (4.19) 
It is easy to check that 

{F^, V^) = —lrK (((^, K/\Fa — dnAa) + ^KAdK,{4>, 4>) — \ {a, da) + KAdb) (4.20) 


To integrate this form over S, we use the following identity 



LrK a 


(4.21) 


i.e., to integrate over the circle fiber, we map to the T basic forms by averaging and 
contracting. Thus 




{{(j),KAFa 


dnAa) + ^KAdK{(j), 4>) + 5 ^( 0 , C-Ro) + KAdb) 


(4.22) 


We can see here, that upon performing the gaussian integration over cf), we recover exactly 
the square of the Beasley-Witten moment map 1.11 (up to terms involving db). 


4.2 Inclusion of Wilson Loops 

We discussed earlier that Beasley has also shown that when Wilson loop operators that 
wrap a single T fiber are included the path integral still possesses a localization formula. 
However, the moment map that was found by Beasley is somewhat complicated. Recall 
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that the Wilson loop around a single fiber C = it ^{z) can be expressed as 

We,iC,A)= [ VUexp{\cSaiU,A)) (4.23) 

JMap(C,Oa) 

We will present a slightly different formulation of this result that appears much more 
naturally in the setting of the Caloron framework. For a g-coweight G f), consider the 
gfc-coweight := (0,For g G LG, we define 

U := Adgd = {^,gQ^,g~^dg))) G g (4.24) 

where we have used equation (5.4). The set of all such U is an LG adjoint orbit Ad Lciot) C 
g. Notice that this space is isomorphic to the full G adjoint orbit Oa C g, since the rotation 
subgroup acts in a semi-direct fashion on LG. 

Recall our /i-fields, which are the vertical components of the connections, are given by 
= (1, —(j), (/}))), where (f) = t^R^. We then observe that 

= -{{(l>,ga^g~^)) - {{a^,g~^dg)) (4.25) 

= —cSa{U,A) (4.26) 

This shows that the functional cSa{U,A) is can be expressed as a manifestly invariant 
quantity. So we then have the formal equality of path integrals 

f VU exp {\cSa{U, A)) = f VU exp (^—\k~^ {IL, V(p)) (4.27) 

JMap{C,Oc) Jos, 

We can extend this construction very easily to the situation of the Caloron BF func¬ 
tional. 

Definition 4.3. For 2 : G S, and an integral weight a G f), define the Wilson loop observable 

Wa{z,V) = J VUexp(^-\k-^ {U,V{z))^ (4.28) 

where Oa C g^ is the adjoint orbit of a = (0, a, 0) G f]. 

Beasley [3] showed that the expectation values of these Wilson loop operators can also 
be calculated using equivariant localization. We will now show that this result becomes 
manifest in our loop-space picture. We can consider the observable Wa(z) as a function on 
&Q. In terms of the symplectic picture of section 3.3, we have 
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(4.29) 


Z{k,a,z) := [ V{L,V)Waiz,V)exp(27r\ [ {F^,V) 

JAqXHq V is 


L 


AgX'HQXOa 


V{L, VM) exp 2tt\ / (F^ + k-^5{z)U, V) (4.30) 


Since the adjoint orbit Oa{z) is automatically a Hamiltonian l^g-space, with moment map 
6{z)U, we expect that this path integral should factorize into components 


[ xO,( 0DH;, (ry) 

Je*xe ^ 


(4.31) 


This factorization can be seen in the results of BW, where it is shown that in the presence 
of a Wilson loop at z, the path integral measure localizes around singular Yang-Mills 
connections with monodromy exp(iQ:) around the puncture at z. This will be captured in 
a localization formula for the measure DH_4-xc>a- We explore this approach in detail in 
[25]. 


5 Further Directions 

In the sequel paper, we will explore the quantization of the Caloron BF theory. We expect 
to find that the 2d TQFT should be explicitly computable in terms of a pair of pants 
decomposition of the base B, along with the extra data of the degree of the circle bundle 
over each component. Furthermore, since we constructed the BF theory using bundle gerbe 
techniques, there are a lot more tools available for us to investigate it. Namely, bundle 
gerbe modules and their (twisted) K-theory c.f [29]. This will give us a new understanding 
of the CS/WZW correspondence in this 2-dimensional setting. We will introduce a certain 
class of F-branes in our 2d theory following Fuchs-Nikolaus-Schweigert-Waldorf [16], and 
show invariance of the action in the presence of certain boundary F-brane terms. 
The branes we will consider will carry representations of the loop group at level k, in close 
correspondence to the symmetric D-branes of WZW theory that wrap quantized conjugacy 
classes in G. 

It is also worthwhile to note that topological gauge theories with gauge groups of the 
form T K L'^, where is the gauge group of some ordinary finite dimensional gauge theory 
have been considered in [30]^. In these theories the expectation values of observables are 
shown to compute certain FT-theoretic intersections on the corresponding classical moduli 
space. It would be interesting to see if this has connections with our work. 

^We thank V. Pestun for bringing this reference to the author’s attention 
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Appendix I: The Level k Central Extension of LG 

For a simple real Lie group G with Lie algebra g and non-degenerate inner product (,), 
we consider its loop group LG = Map(T,G), and the corresponding loop algebra Lg = 
Map(T,g). We extend the structure of LG by allowing rotation of the loops, to get G = 
T IX LG. The product on G is 

(01,7l).(02, 72 ) = (01 + 02,7l/5flii(72))- (5.1) 

where /30(7)(0) = 7(0 — 0). We also define g = © Lg = Lie{G). Furthermore, Lg has an 

inner product ((,^i,,^ 2 )) = /t(Ci(^),^ 2 ( 0 ))c?^, and a non-trivial 2 -cocycle ^ 2 ) = ((?i,? 2 ))' 
This defines a central extension g = Lg©tc, which comes from a group extension T —>■ G —>■ 
LG, known as the level 1 central extension. The kth. tensor power of this central extension 
is the level k extension. The full affine Lie algebra g^ = Lie(Gfc) is given by including both 
of the above extensions of Lg, g*, = © Lg © L, with bracket 

[(a;i,6, 2 / 1 ), ( 2 : 2 ,6, 2 / 2 )] = (0, [6,6] + aJiC 2 -a; 2 ? 0 A:((^i,^ 2 ))) (5.2) 

We have a commuting diagram of Lie horns 


0 





(5.3) 


where the arrows to the right are projections, and the left arrows are inclusions. For 7 in 
the identity component of LG, we have 

Ad^{x,^,y) = (x,ad.y^ - x'y''y~^,y- ((7"S',0) + 52:((7“S', 7"S'))) (5-4) 

Furthermore, g^ is equipped with a non-degenerate invariant inner product: 

((a^i, 6,2/1), ix2,^2,y2))k = ^((6,6)) - xm - X22/1 ( 5 - 5 ) 

The group cocycle u : G x g —>• L of this extension is given by 

' 7 ( 7 , ix,^)) ■■= Ad-y{x,C,0) - (Ad^(x, 0,0) = ((-^ + ^x'y~^'y' (5.6) 
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Appendix II: The Lifting bundle gerbe 

Let q : K ^ K he a. central extension of Lie groups by T, and let P —)• A be a iL-bundle. 
Here we will describe the lifting bundle gerbe, denoted Lp. This gerbe is represented by 
the following diagram of maps 


J 

p 




P 


X 


(5.7) 


where = P Xx P, and 7ri^2 are the projections on to the factors, ^{p,pg) ■= g, and 
J = ^*K. The lifting bundle gerbe Lp is alternatively described geometrically as the total 
space oi J = P X K. The bundle is given by p : (p, k) —>■ {p,pk) G pl^^. An essential part 
of the bundle gerbe is the groupoid multiplication map defined by 


m : (p, ki) X (pki, ^ 2 ) i-5- (p, ^ 1 ^ 2 ) 


(5.8) 


For the connective structure on this gerbe, we follow Gomi [21]. Let p, p be the Maurer- 
Cartan forms on K, K respectively, and let cr : t I a splitting (as vector spaces) of the 
corresponding Lie algebras. Often there will be a canonical choice of splitting a, but it is 
important to determine the dependence on this choice. Then we see that i/q- := p—a{q*p) G 
H^(P, t) is a connection for the free T action on K, with curvature F,y^ = —^uJa{p, p), where 
ujcr ■ — > t is the Lie algebra cocycle Wo-(A, y) = [(t(A), (T(y)]j— it([A, Tjf). Furthermore, 

let Zo- : A xt ^ t be the group cocycle associated to cr, Z(j{k, A) = Ad kcr{X)—a{Adk{X)). 
Obviously is a connection on J, but it is not a bundle gerbe connection. We need to 
find a modification e G H^(pt^], t), such that V = ^* 1 ^ 0 - + p*£ is a bundle gerbe connection, 
i.e, 

ift 2 V + ff 2 * 3 V = (5.9) 

Theorem 5.1 (Gomi). The form e = solves the above equation, i.e. the 

connection 

Va,. = + p*Z^iC\7rlA) (5.10) 

is a bundle gerbe connection. 

To find a curving for this connection, we need to introduce a bundle splitting. This is a 
map s'.Pxxi^Pxt (Gomi uses the letter L) that is identity on the central component. 
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Let s be a bundle splitting of P, and consider the form s{a{FA)) € t) where Fa is 

the curvature of the connection A G 0^(y, t). Then we have 

Theorem 5.2 (Gomi). The curvature of the connection VA,cr is given by 


= K - 7r2)(|w^(^, A) + s{a{FA))) 


(5.11) 


I.e. 

fA,a,s = -{\oJa{A, A) + s{a{FA))) (5.12) 

is a curving for Va, a- 

This completes the construction of the Brylinski-Gomi curving, our bundle gerbe is 
Lp (A, cr) with connection VA,a and curving /A,cr,s- 

Lifts as Trivializations 

The following result expresses the basic fact that the lifting bundle gerbe topologically 
represents the obstruction to finding a lift of the structure group. Gonsequentially, any 
particular lift provides a trivialization of the lifting bundle gerbe. 

Proposition 5.3. Choose a lift p : {P,A) —)• (P,A), as a K bundle with connection. Then 
this data provides us with a trivialization of gerbes Tp : P ^ Ig, where -k* g = s{F^) 

Proof. Since J = P X K, we have the isomorphism of lines over pPl 


J (g) vr^P —>■ vr^P : {p,k,pk) {pkk ^) 


(5.13) 


where p/c G P is a lift of pk G P. The connection a = A — p*a{A) on P —>■ P extends to 
a gerbe connection 5a on 5P. To show that this connection is compatible with Va,(t, we 
compute 


P|a = (Ad^-.ii + Th) -f{a{M^-iA)+a{ep)) (5.14) 

= Ad|_ia + +p*Zc.(^“^, A) (5.15) 

= Ad|_ia + (5.16) 

This is equivalent to the compatibility between a and ^a, a- The two form da is a canonical 
choice of curving for 5a. So we find that the difference in curvings is 

fA,< 7 ,s -da = -\uJa{A, A) - s{a{FA)) - da (5.17) 

Now, if we write A = cr(A) + a, then 

P^ = a{dA) + da + |[cj(A), cr{A)] (5.18) 

= <t{Fa) + da + ^ujfj{A, A) (5.19) 
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Thus we see that 


fA,a,s dOi — s(yF^ 


(5.20) 

□ 


The Principal Module Connection 

Here we include some new constructions for lifting bundle gerbes, which will appear more 
prominently in the sequel to this paper. The goal is the construction of certain modules 
for the lifting bundle gerbe, as defined in [29]. Let V £ Repo(.ftr) be a representation such 
that the induced representation of the central T has weight one. Consider the trivial vector 
bundle E = P x V over P, and gerbe action map (f) : J x —)• 7r|£', 

<1) : {p,k) X {pk,v) i-7> {p,kv) (5.21) 

It is easily seen that this is a bundle gerbe module. This establishes a map RepQ(iir) —>■ 
Mod(Lp). Note that a trivialization (i.e. a lift) P —>■ P gives descent data for E, i.e. 
E = 7r*{P Xj^V). Here we extend Gomi’s construction to show the existence of a module 
connection on E compatible with the connection Va, a defined in the last section. We will 
find a suitable analogue of the notion of a connection on a principal bundle, which will 
naturally provide a covariant derivative on all associated bundles. We begin by looking for 
a compatible principal connection on the principal K bundle j = tti/? : J ^ P, where K 
acts on the right. Clearly, ^*jl is a connection on this bundle, so we seek a modification 
form £ £ H^(P, ad jl), such that 

0 = + P*£ (5.22) 

is a bundle gerbe module connection on J, compatible with the connection i-e. 

^12^ A,a + ^23^ — (5.23) 

Proposition 5.4. The form e = Ad^-i(T(7r5[‘H) £ H^(P, adjt) solves the above equation. 
I.e., the connection 

(t>A,a = Cp + p*Ad^-ia{TrlA) (5.24) 

is a bundle gerbe module connection on j : J ^ P. Furthermore, it can be expressed as 

<PA,a = P*7T*2a{A) + \/A,a (5.25) 
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Proof. First of all, we show the equivalence of the two expressions. Note that we have 


p*TT*^a{A) + Va,. = P*7r*^a{A) + + p*Z^{C\ttIA) (5.26) 

= Cp - p*a{ep) + P*7r*MA) + p*Z^{r\TrlA) (5.27) 

= tp + p*{-a{ep) + ^MA) + Z^{r\7rlA)) (5.28) 

The p* term is 

(T(Ad^-i7r*^) + vr^^) = Ad^-i(T(7r*A) (5.29) 

Thus the two expressions are equivalent. To show that it is a bg module connection, we 
use the second form to see 

^12^9,a + - hi*7ri3(() = (vT^aP^vrl - m*7ri3p*7r2)cr(A) (5.30) 

because V^^o- is a bundle gerbe connection. Now we have 

7^237'*7r2 - m*7ri3p*7r2 = {7T2Ptt23)* - (vr2/07fi3m)* = (7r2p)* ((7f23)* - (vTism)*) (5.31) 
which vanishes because of the properties of the multiplication m. □ 

If a, a' are two splittings of the lie algebra, then we have 

= P*'^l{<y'- cr){A) (5.32) 

This follows easily from a result of Gomi (Prop 5.7), which reads 

Va,.' - Va,. = p*{t^I - - a){A)) (5.33) 

We now calculate the curvature of (f. 

= dcf + ^[4> A (j)] (5.34) 

= p*tt 2 {cr{dA) + l[(j{A) A cr(A)]} + Fy (5.35) 

= p*7r*2 {u(Fa) + lcoUA,A)} + Fy (5.36) 

However, we know that 

Fy = p*(7ri* - 7r2*)(|w.(A, A) + ^(^(Fa))) = p*{7rl - 7r2*)(-/A,.,.) (5.37) 

where fA,a,s = —^W(j(A, A) — s(c7(Fa)) is the curving. So we hnd 

F^ = p*7r*2 {^(Fa)} + p*7rt(icu,(A, A)) + p*{7rl - 7r*2)s(a(FA)) (5.38) 
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An important construction for modules is that of the module curvature, which is 
completely analogous to the curvature of a connection on a vector bundle. 

Definition 5.5 ([29]). For a bundle gerbe {p : J ^ : Y X,V, f) and module 

{E —>■ Y,Ve), the bundle gerbe module curvature is the form Fe G End(iii)) defined 

by 

P*t^2^e '■= Fe + T^lf He 

In the case of a lifting bundle gerbe Lp, we can define the principal curvature G 
n‘^{X,Adpl) by 

pHa*J-0 :=F^ + 7rtfA,a,s 

Using 5.38, we see + 7rlfA,a,s = — s{o'{Fa))), so the principal curvature is 

F^ = {l-s)a{FA) en^{P,Adi). (5.39) 

We can check that is equivariant under K, i.e. R'tFcj) = Ad^y-iF^. We can easily 
compute this curvature for the loop space lifting bundle gerbe Lfe(L,U) = L,q" with the 
connective structure described previously. 

Lemma 5.6. In the case of the loop space lifting bundle gerbe Lfc(L,U), the module cur¬ 
vature of the principal module is given by 

= {dX, Fa, -k{{FA, $)) + |dA(($, $))) (5.40) 
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